ON THE UNIQUENESS OF C*-ACTIONS ON AFFINE SURFACES 
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o 

^^ ■ Abstract. It is an open question whether every normal afhne surface V over C 

Cn I admits an effective action of a maximal torus T = C*" (n < 2) such that any other 

P^ ■ effective C*-action is conjugate to a subtorus of T in Aut(T^). We prove that this 

^ I holds indeed in the following cases: (a) the Makar-Limanov invariant ML(F) ^ C 

is nontrivial, (b) y is a toric surface, (c) V^ = P^ x P^\A, where A is the diagonal, 

and (d) V = P^\Q, where Q is a nonsingular quadric. In case (a) this generalizes a 

result of Bertin for smooth surfaces, whereas (b) was previously known for the case of 

the affine plane (Gutwirth |Gutp and (d) is a result of Danilov-GizatuUin |DG| and 

(^ ■ Doebeh ,Doj . 

< 

■3 

"^ ' 1. Introduction 

The classification problem for reductive group actions on affine spaces or, more gen- 
^ ■ erally, on affine varieties, has a long history. By [Kami IKPt IKKMR| IPoj any reductive 

^ ! group action on A^ and A^ is conjugate to a linear one. The same holds for con- 

nected reductive groups acting on A^ except possibly for C* and C*^ |Pat IPoj (cf. also 
CN ' |BaHabj ) . and for tori T" acting effectively on Ag, A^^^ |BBj and on the affine toric 

^ ■ n- folds |De[ IGubj . According to [Hil IMMP[ IKnj many finite nonabelian groups and any 

Tjj- ! connected reductive nonabelian group admit a non-linearizable action on some affine 

O I space A^. In the local case the existence of a maximal reductive subgroup of Aut(V^, 0), 

^ ■ which contains a conjugate of any other connected reductive subgroup, was established 

d • in [HM^ . In |D(t| IPoj the same was shown to be true for the smooth affine quadric 

surface in A^. It is an open question whether this holds as well for every normal affine 
surface V. In this paper we give some partial positive results, see Corollarv 15 .51 below. 
Bertin's Theorem |Be| Corollary 2.3] asserts that, for a smooth affine surface V non- 
isomorphic to C* x C*, which admits a minimal compactification V^ by a simple normal 
p^ ', crossing divisor D with a non-linear dual graph Yd, any two effective C*-actions on V 

are conjugated in the automorphism group Aut(l^). On the other hand, by Gizatullin's 
Theorem \Gi\ Theorems 2 and 3] (see also |BMH IBej or |Duj for the more general case 
of normal surfaces), if ^ ^ A^^ x C* then To is linear if and only if the Makar-Limanov 
invariant 

ML(V) := Pi kerS 

96LND(A) 

of V is trivial that is, ML(V^) = C, where LND(A) stands for the set of all locally 
nilpotent derivations of the coordinate ring A = H^{V, Oy) of V. The latter holds if 
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and only if V admits two non-equivalent effective C+-actions i.e., two C+-actions with 
different general orbits (see e.g., IFZ2I ). 

We present here an alternative proof of Bertin's Theorem, valid more generally for 
normal affine surfaces. Our proof is not based on the properties of completions and so 
is independent of Gizatullin's Theorem. In Theorem 13.31 below we show that, as soon 
as ML(\/) 7^ C and r ^ C* X C* or A^ x C*, any two effective C*-actions on V are 
conjugated via an element of a C+-subgroup of the automorphism group Aut(y). 

For a surface V with an effective action of the 2-torus T we prove in Theorem 14.51 
that any effective C*-action on V is conjugated in Aut(\^) to the action of a subtorus 
of T. In the case of the afiine plane V = A^ this gives another proof of the classical 
Gutwirth Theorem |Gutj saying that the linearization conjecture for C*-actions on A^ 
holds in dimension 2. 

In Section 5 we deduce similar results for the surfaces P^ x P-'^\A and P^\(5, where A 
is the diagonal in P^ x P^ and Q is a nonsingular quadric in P^. We show that any two 
effective C*-actions on one of these surfaces are conjugate in the automorphism group. 
According to a result of Gizatullin and Popov (see IFZ2I Theorem 4.12]) these are the 
only normal afiine surfaces that admit a nontrivial SL2-action except for the afiine 
plane and the afiine Veronese cones over the rational normal curves. We note that by 
|FZ2t Proposition 4.14] any two SL2-actions on a normal afiine surface are conjugate 
in the automorphism group. 

Our interest in such kind of results is related with our studies |FZi| IFZ2I on the 
Dolgachev-Pinkham-Demazure (or DPD, for short) presentation of a normal afiine 
surface V endowed with a C*-action. We show in Corollarv 14.31 that for surfaces with 
a non-trivial Makar-Limanov invariant, except in the case of the surfaces C* x C* and 
A^ x C*, this DPD-presentation is uniquely determined up to a natural equivalence. 
For afiine toric surfaces we describe in Section 4 the possible ambiguities in the choice 
of a DPD-presentation. We also deduce the uniqueness of the DPD-presentation for 
the surfaces P^ x P-'^\A and F'^\Q as above, which are non-toric and have a trivial 
Makar-Limanov invariant. 

In Corollary 15.51 we deduce that all maximal connected reductive subgroups of the 
automorphism group Aut(\^) are conjugate, and any connected reductive subgroup is 
contained in a maximal one, besides the remaining open case when the surface is non- 
toric and has a trivial Makar-Limanov invariant. In the forthcoming paper |FKZj we 
will solve this remaining case, up to one exception, by showing that the automorphism 
group Aut(V^) contains a unique class of conjugated C*-subgroups, which also implies 
the uniqueness of a DPD-presentation up to a natural equivalence. 



2. Preliminaries 

Let k be an algebraically closed field of characteristic 0. We recall the following 
definition. 

Definition 2.1. Let A be a /c-algebra, not necessarily associative or commutative. A 
derivation 6 : A —^ A is called locally bounded if every finite subset of A is contained in 
some (5-invariant linear subspace V 'O A oi finite dimension over k. 

For instance, ii 6 : A ^ A is a semisimple derivation on A i.e., A has a fc-basis 
consisting of eigenvectors of 6 then 6 is locally bounded. 
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Clearly if 6 is locally bounded then A is the union of its finite dimensional ^-invariant 
subspaces V. In particular, the restriction of 6 to each such subspace V admits a unique 
Jordan- Che valley decomposition 

S = Ss + Sn, 

where Sg and 6n are the semisimple and the nilpotent parts of 6, respectively. The 
restriction to a smaller 5-invariant subspace respects this decomposition, hence 6s and 
6n are well-defined fc-linear maps on A that are again locally bounded. We will see in 
Lemma [2.21 below that these maps are as well derivations on A. 
For a G fc we consider the linear subspace 



Aa := [JkeT{6 -aidy . 



i>0 

From standard linear algebra we know that 

v = ^{vnA^), 

a 

whenever V^ is a finite dimensional 5-invariant subspace of A. Thus A is a graded vector 
space 

A = (^|-y Aa ■ 

OLdk 

Clearly, bs and (5„ leave invariant every subspace Aq,. Moreover bg acts on A^ via 
multiplication by a, whereas (5„|Aq, is locally nilpotent. More precisely, we have the 
following lemma (see e.g., |Cht Thm. 16] or |Ja| Ch. II, Ex. 8] for the case of algebras 
of finite dimension, |SWj for complete algebras, and also |CD| 2.1]). 

Lemma 2.2. (a) A is a graded algebra, i.e. A^A^ C A^j^p for all a, (3 E k; 

(b) 6s and 5„ are again derivations on A; 

(c) 6s is homogeneous and acts on Aa via multiplication by a, so is automatically 
locally bounded, whereas 6n is homogeneous of degree and locally nilpotent. 

Proof, (a) For homogeneous elements x G Aa and y E A/3 we have 

{6 -{a + 13) id) {xy) = x{6 - (3 id) (y) + {6 - a id) {x)y , 
and hence by induction 

(6-{a + (3) idrixy) = f^ (^) ('^ - « id)*(x) ■ {6 - /?id)"-*(i/) . 

It follows that {6 — (a + /?) id)"(x|/) vanishes for n ^ 0, and so xy G Aa+p, proving (a). 

By definition 6s acts via multiplication with a on Aa- Since A is a graded algebra 

this shows that 6s is a degree homogeneous derivation on A and so is 5„ = 6 — 6s. 

Now (b) and (c) follow. D 

In the next lemma we consider the set 

M := {ae k\Aa ^0}, 

and we let NM and ZM be the additive subsemigroup and the subgroup of k, respec- 
tively, generated by M. 

Lemma 2.3. If A is a finitely generated k-algebra then 
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(a) also NM and ZM are finitely generated, and 

(b) A admits an effective action of a torus {k*Y , where r := rk^ZM. 

Proof. The proof of (a) is elementary and we omit it. To show (b) we note that 
A = 0Qgjv/ Aa is graded by the semigroup NM, which is a subsemigroup of ZM = Z**. 
An effective action of {k*Y on A is then given by 

{■\l, . . . , Arj-Xa -^ -^i ■ ■ ■ Aj, Xct, Xa c Aat 

where (Ai, . . . , A^) G {k*Y and a G M C Z^ has components ai, . . . , a^ G 2- D 

Lemma 2.4. If d : A -^ A is a locally nilpotent derivation then 

(1) exp{-d)6 exp((9) = 5 + [5, 9] 
/or any derivation S : A ^ A satisfying 

(2) [[S,dld]=0. 

Proof. We denote Aj := [6,8'']. Then (j21) says that [Ai,(9] = 0. By the Jacobi identity 
we get 

(3) [\,d] = [A„d'], 

and so by © [A„ d] = Vi > 1. 

Assuming by induction that, for a given i, 

(4) A, = id'-'Ai , 
we obtain from the above equahties: 

A,+i = [5, d'+'] = Aid + a*Ai = id'-' Aid + d'Ai = {i + l)9'Ai , 
which proves Q for alH > 1. Thus we get 

5d' = A, + d'5 = d'6 + id'-'Ai , 
and consequently 

6exp{d) = E.=o^^V^! 

= (E.=o ^y^\) S + (E.=i(5^"V(^ - 1)0) Ai 
= exp{d)i6+[6,d]). 
Multiplying with exp{—d) from the left gives (0). D 

3. Main theorem 

In this section we formulate and prove our main results. For any Z-graded finitely 
generated C-algebra 

A = y^ Ai , 

every derivation d oi A has a unique decomposition d = 'Yl,i=k ^i y "where di : A ^ A is 
a homogeneous derivation of degree i. The proof of the following simple lemma is left 
to the reader. 

Lemma 3.1. If d = Yli=k ^« ^■^ locally bounded then di and dk are also locally bounded. 
In particular, if I > (k < 0) then di (respectively, dk) is locally nilpotent. 
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3.2. In the sequel we let A be the coordinate ring of a normal affine surface with a 
C*-action so that A = ® jg^ Ai is graded. The infinitesimal generator of this C*-action 
is a semisimple derivation S on A that acts via S{a) = deg(a) ■ a for a homogeneous 
element a & A. As was shown in |FZ2| Proposition 2.4], for a homogeneous locally 
nilpotent derivation d ^ the derivation 

exp(— (9)5exp((9) 

is again semisimple and defines a C*-action which is, in general, different from the 
given one. Conversely, we have the following result. 

Theorem 3.3.JfML{A) ^ C, Spec(A) ^ C* x C* and ^ Aj. x C* then every semisim- 
ple derivation 6 on A is of the form 

6 = c ■ exp{—d)Sexp{d), c G C, 

for some locally nilpotent derivation d on A. Consequently, any two effective C* -actions 
of A, after possibly switching one of them by the automorphism A i — > X^^ of C* , are 
conjugate via an automorphism of A provided by a C+- action on A and, moreover, 
coincide whenever ML{A) = A. 

The latter assertion leads to the following corollary. 

Corollary 3.4. // a normal affine surface V = Spec{A), non-isomorphic to C* x C*, 
admits two effective C* -actions with infinitesimal generators 5,5, where 5 ^ ±5, then 
it also admits a non-trivial C+-action. 

To prove Theorem 13. 31 we need a few preparations. 

3.5. We suppose below that ML{A) ^ C, Spec(A) ^ C* x C* and ^ A^ x C*. If A 
admits a homogeneous locally nilpotent derivation d of degree zero then by Lemma 3.8 
and Corollary 3.28 in \F%\ either A = C[t,u] or A = C[t,u,u-''] with t e Ao,u e Aa 
homogeneous and d = d/dt, which is excluded by our assumptions. According to 
Corollary 3.27(i) and Theorem 4.5 from FZ2 , either all nontrivial homogeneous locally 



nilpotent derivations on A are of positive degree, or all of them are of negative degree. 
By switching the grading to the opposite one, if necessary, we may suppose in the 
sequel that A does not admit a homogeneous locally nilpotent derivation of degree 
<0. 

Lemma 3.6. With the assumptions of \3.'A and VJ.^ for every nonzero locally nilpotent 
derivation d of A the following hold. 

(a) d is a linear combination of commuting homogeneous locally nilpotent derivations 
of strictly positive degrees. 

(b) The derivations [5, d] and d commute. 

(c) exp(— c})5exp(c}) = 5 +[5,d]. 

(d) There exists a locally nilpotent derivation d' on A such that d = [5,d']. 

Proof, (a) Let us write 9 as a sum of homogeneous derivations 

d = ^di with dk^di^O. 

i=k 

Since clearly dk and di are again locally nilpotent (see e.g., |Rej ) . by our convention in 
13.51 above we have fc > / > 0. Moreover, since ML(y4) 7^ C, 9 and dk are equivalent. 
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SO define equivalent A^-fibrations, and d = adi for some a G Frac(ker9/) (see e.g., 
|FZ2t Lemma 4.5]). It follows that the di are commuting locally nilpotent derivations, 
proving (a). 

Now (b) follows from (a) since [S,d] = Yli=k'''^i' ^^^ i'^) follows from Lemma f2. 41 bv 
virtue of (b). Finally, (d) can be deduced by taking d' := J2i=k^i/'^- '-' 

Proof of Theorem VJ.'^ For a semisimple derivation 5 of A, we consider its decomposi- 
tion 5 = Ylii=k'^i i^^o homogeneous components with (9^, di ^ 0. By Lemma ITTl if 
A; < then dk is locally nilpotent, which is excluded by our convention in 13.51 Thus 
/ > A; > 0. 

Now the proof proceeds by induction on /. If / = then 5 = 9o is semisimple, homo- 
geneous of degree and commutes with 5. Thus 5 and c^o are equal up to a constant 
factor. Indeed, otherwise V := Spec (A) would be a toric surface non-isomorphic to 
C* X C* or Aj. X C*, hence ML(A) = C (see Example 2.8 in |FZ^ ), which contradicts 
our assumption. Clearly, the constant factor above is equal to ±1 as soon as both 5 
and Oq generate effective C*-actions. 

Assume now that / > 0. By Lemma f3.6r d) we find a locally nilpotent derivation d' 
with [5, d'] = di, and so by Lemma EIHtc) 

exp(a')5exp(-9') = 6-[6,d'] = 6- di. 

Thus 6 — di is again semisimple and its homogeneous components have degrees < / — 1 . 
Applying the induction hypothesis, the result follows. D 

4. TORIC SURFACES AND UNIQUENESS OF A DPD-PRESENTATION 

4.1. Let A be a normal 2-dimensional C-algebra with a grading A = ^^^^ Ai associated 
to an effective C*-action. We recall that such a grading admits a DPD-presentation as 
follows (see |FZi ). 

Elliptic case: Here Aq = C, and up to switching the grading we have A_ := 
^i^QAi = 0. The curve C := Pro] A is normal and carries a Q-divisor D of posi- 
tive degree unique up to hnear equivalence such that 

(5) A = Ao[D] := ^H%C,Oc{[^D\))u' C Frac(C)M . 

i>0 

Parabolic case: Here A_ = 0, but Aq is 1-dimensional and so defines a smooth curve 
SpecAo = Proj A. As before C carries a Q-divisor D, now of arbitrary degree and 
again unique up to linear equivalence such that (j3)) holds. 

Hyperbolic case: This case is characterized by A+,A- ^ 0. The subrings A>o : = 
0^>Qy4j and A<o are parabolic and as before admit presentations A>q = Ao[D+] C 
Frac(C)[M] and A<q = Aq[D_] C Frac(C)[M~^], respectively. Thus A is the subring 

A = Ao[D+,D_] ■.= Ao[D+]+Ao[D_] C Frac(C)K u'^]. 



Moreover by Theorem 4.3 in |FZi| D^ + D^ < 0, and the pair (-D+, D^) is determined 
uniquely by the graded algebra A up to a linear equivalence 

(£)+, £)_) ~ (D;, D'_) :^ (D+, D_) = {D'_^ + div/, D'_ - div/) with / G Frac(C)^ . 
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The question arises whether a DPD-presentation is determined uniquely, up to the 
hnear equivalence as above, an automorphism of C and in the hyperbolic case by an 
interchange of D+ and D_, by the geometry of the surface V alone, disregarding the 
choice of a C*-action. In Corollarv 14.31 below we show that, indeed, this is the case at 
least for surfaces with a non-trivial Makar-Limanov invariant. 



4.2. Let us recall FZ2 Theorem 4.5] that the Makar-Limanov invariant of a surface 
V = Spec(A), where A = Ao[D+, D_] with D+ + D^ <0 and D+ + D^^ 0, is trivial if 
and only if Aq = <C[t] and the fractional parts {D±} of D± are zero or are concentrated 
at one point, say, p± G Aj.. If still Aq = C[t], but the second condition holds for 
precisely one of the divisors D± then ML{A) = C[x] for a nonzero homogeneous 
element x & A. Otherwise ML{A) = A that is, A does not admit non-zero locally 
nilpotent derivations. 

From Theorem 13 . 31 above and Theorem 4.3 in |FZi| we derive the following corollary. 

Corollary 4.3. For a non-toric normal affine surface V = Spec(A) the following hold. 

(a) IfV admits an effective elliptic C* -action then this C* -action is unique up to the 
automorphism A 1 — > A~^ of C* . In particular a DPD-presentation A = Aq[D] 
is unique up to linear equivalence of D. 

(b) IfV admits a parabolic C* -action then every C* -action on V is parabolic. More- 
over, if A = Ao[D] = A'(^[D'] are DPD-presentations corresponding to two C*- 
actions then there is an isomorphism ip : C -^ C of the curves defined by Aq 
and A'q, respectively, such that D and ip*{D') are linearly equivalent. 

(c) //ML (A) T^C and 

A = Ao[D+,D_] and A = A'q[D'_^, D'_] 

are DPD-presentations of A corresponding to two hyperbolic C* -actions on A 
then there is an isomorphism (p : Aq —^ A'q such that the pair of Q-divisors 
[Dj^.DJ) on the curve C = Spec(y4o) is linearly equivalent to one of the pairs 
V\D'^,D'_) or<f*{D'_,D'^). 

Proof. If in case (a) there is a second C*-action on A not related to the first one by an 
automorphism of C* then by Lemma 13.11 there is a locally nilpotent derivation on A 
and so by Theorem 3.3 in IFZ2I V is toric contrary to our assumption. 

(b) and (c) follow immediately from the fact that any two C*-actions on V are 
conjugate in Aut(V) by Theorem 13.31 D 

4.4. We note that toric surfaces V = Spec(A) admit many non-conjugated C*-actions 
given by non-conjugated one-parameter subgroups of the 2-torus T^ = C* x C*. It 
also has many distinct DPD-presentations, up to permuting D^ and D^ and to linear 
equivalence. Any pair of divisors D± = =F^[0] with e±,d± & Z, d+ > 0, d_ < 0, 
gcd(e±, d±) = 1 and (Z^+ + D_)(0) < defines a toric surface V = Spec(y4o[-D+, -D-]), 
where Aq = C[t]. Two such toric surfaces V = Spec(74o[-D+, -D-]) and V = Spec(y4o[-D^, D'_]) 
are isomorphic if and only if the sublattices Z,(e+,(i+) -|- Z(e_,(i_) and Z(e'_,_,ii+) + 
Z(e'_,(i'_) of Z^ are equivalent up to the action of the group of integer matrices with 
determinant ±1 (see |Del IGub] for a more general result, or also the proof of Theorem 
4.15 in |FZi| ). According to Theorem 14. 51 below this is the only ambiguity in the choice 
of a DPD-presentation for V. 
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In the rest of this section we concentrate on affine toric surfaces. We remind the 
reader that any such surface V = Spec (A) is isomorphic to C*^, A^ x C* or to 

Vd,e = Spec A,,, := Spec(C[X,y]^'') = A^/Z,, 

where the cychc group Z^ = {Q of dth roots of unity acts on the polynomial ring 

C[X, Y] via 

C.X = ex and C-Y = CY 

for some e satisfying < e < rf and gcd(e, d) = 1. The standard action of the 2-torus 
T' := C*^ on A^ = Spec(C[X, Y]) commutes with the action of Z^ and so descends to 
Vd^e- Dividing out the kernel K = Z^, gives an effective action of the 2-torus T = T'/K 
on V. 

We note that for ee' = 1 mod d the surfaces V^^e and Vd^e' are isomorphic via the 
map induced by the morphism 

Ac -^ Ac with {x,y) h^ {y,x). 

This morphism is (y9-equivariant, where (f is the map of T' = C* x C* interchanging the 
factors. Moreover, Vd^e and Vd'^e' are isomorphic as normal surfaces if and only if 

(6) d = d' and either e = e' or ee' = 1 mod d, 

see e.g. |FZi[ Example 2.3]. 

Every 1-dimensional subgroup of T isomorphic to C* provides a C*-action on V. 
Conversely we have the following result. 

Theorem 4.5. IfV = Spec(y4) is an affine toric surface and if C* acts effectively on 
V then this action is conjugate to the action of a subtorus ofT. 

Proof. In the case V = T this is evident. So we can assume in the sequel that V ^ T. 
This C*-action then defines a grading A = ® jg^ Ai of A. As V is toric and not a torus 
it admits a C+-action. Our assertion is an immediate consequence of the following 
claim. 

Claim. Either A = C[z,v,v~^] for homogeneous elements z,v of A, or there is a 
graded isomorphism A = Ad^e, where the grading on Ad^e is provided by a subtorus of 
T as above. 

In the case of an elliptic grading this is just Theorem 3.3 in fFZp. If the grading is 
parabolic and if there is a horizontal C+-action, i.e. the general orbits of the C+-action 
map dominantly to V/C*, then this is a consequence of Theorem 3.16 in IFZ2I . 

In the case that the grading is parabolic and there is only a vertical but no horizontal 
C+-action, we have A = Aq[u] with degtt = 1 and Aq = C[t,t~^]. In fact, the curve 
C = Spec(Ao) is either A^ or C*, since the open orbit of the torus action on V maps 
dominantly onto C. If C ^ A^ then A = Ao[D] with Aq = C[t] and the fractional 
part of D is supported on at least two points, since by our assumption there is no 
horizontal C+-action on V (cf. IFZ2I Theorem 3.16]). By Proposition 3.8 in FZi this 
would imply that V has at least two singular points, which is impossible. 



Therefore C = C* and so Aq = C[t, t~^]. As there is no dominant morphism A^ -^ C* 
and thus also no dominant morphism Vd^e — > C*, we have V = A^ x C*. In particular 
V is smooth, and A = Aq[D] with D being an integral (so, principal) divisor. Thus 
D ~ proving the claim in this case. 
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In the remaining case the grading on A is hyperbohc so that A = Aq[D^, -D_]. Since 
V admits a C+-action, we have necessarily Aq = C[t] and C = A}., see |FZ2i Corollary 
3.23]. The Picard group of a toric surface is trivial and so by Corollary 4.24 in jF^ 
we have / < 1, where 

/ := card {p e C : D+{p) + D_{p) < 0}. 

If / = then D+ = —D^ and so by Remark 4.5 in f FZi| , A contains a unit of nonzero de- 
gree. As V admits a C+-action then by Corollary 3.27 in IFZ2I we have A = C[z, v, v~^] 
with homogeneous elements z,v & A, which proves our claim in this case. 

If / = 1 then by Corollary 4.24 in \F%\ the orbit map V ^ C = V//C* has no 
irreducible multiple fiber and the divisor D^ + D_ is concentrated in one point, say, 
p G Aj.. Since D±{a) G Z and D+{a) + D_{a) = for every point a ^ p, the pair 
(D+, D_) is equivalent to a pair 



As in the proof of Theorem 4.15 in |FZi| there exist integers d, e with < e < d and 
gcd{d, e) = 1 so that A = A^^ as graded rings, where the grading on A^ g is defined by 
a subgroup of T isomorphic to C*. This finishes the proof. D 

As a particular case we obtain the following classical result. 

Corollary 4.6. (Gutwirth jCilutj ) Every C*-action on A^ is linearizable. 

Remarks 4.7. 1. Any two effective actions of a 2-torus on a normal affine surface V are 
conjugate. This follows from the fact that any toric surface is equivariantly isomorphic 
to one of the surfaces C*^, Aj. x C* or Vd^e, and two such surfaces are isomorphic as 
abstract surfaces if and only if ^ holds. 

2. Every normal affine surface V = Spec(y4) with an elliptic or parabolic C*-action 
and with a trivial Makar-Limanov invariant is toric (see Theorems 3.3 and 3.14 in 
IFZ2I ). This yields that there can be at most one parabolic DPD-presentation A = 
Ao[D] on an affine normal surface, up to the equivalence described in Corollarv l4.3f b). 

5. Homogeneous affine surfaces 

In this section we show the following result. 

Theorem 5.1. Let V be one of the surfaces P^ x P-^\A or P^\Q, where A is the 
diagonal in P^ x P^ and Q is a nonsingular quadric in P^. Then any two C* -actions 
on V are conjugate in Aut(y). 

In case V = ¥'^\Q this is a result of |DGj . see also |Doj . This theorem follows 
immediately from the following two more general statements. 

Proposition 5.2. Every smooth Gorenstein C* -surf ace V = Spec{A) with Cl(y) = Z 
and ML(y) = C is isomorphic to V = ¥^ x P-^\A, where A is the diagonal. Moreover, 
there is a graded isomorphism A = y4o[-D+,D_], where Aq = C[i], D+ = and D^ = 

Proof. An elliptic or parabolic C*-surface with trivial Makar-Limanov invariant is toric 
by Theorems 3.3 and 3.16 from IFZ2I, and so its Picard group vanishes. Thus under 
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our assumptions the C*-action on V is necessarily hyperbolic and provides a DPD- 
presentation A = Aq[D^, D_] with Aq = C[t] and a pair of Q-divisors D± on the affine 
line Al = SpecC[t] such that D+ + D_ < 0, see Corollary 3.23 in |FZ^ . As the divisor 
class group of A is isomorphic to Z by Theorem 4.22 in |FZi we have 

/ = card {p G A^ : D+{p) + D_{p) < 0} = 2. 

Thus there are unique points pi,p2 G A^ with D^ijpi) + D^ijpi) < for i = 1,2. 
Moreover there can be no multiple fiber of the projection V -^ A^. Indeed, by loc. cit. 
every such fiber contributes to the torsion of C1(A). Therefore we may assume that 

D^{pi) = -^ and D_{p,) = ^ 
mj m- 

with m'l > and m^ < and gcd(e^,m^) = 1 for z = 1,2. Since V is smooth, we 
have 



(7) 



m- 



e,- m, "' 



-1, 



see |FZi| Theorem 4.15]. In this case using again Theorem 4.22 from |FZi| the divisor 
class group is generated by the orbit closures O^ over the points pi modulo the relations 

Ml = Ma = and Ei + E2 = 0, 

where 

Mr.= mt[Ot]-mr[Or] and E, := e+[0+] - er[Or]. 



By assumption the canonical divisor of V is trivial, and by Corollary 4.25 in |FZi| it 
is given by 

2 2 

Kv = J2^{mt - l)\Ot] + i-m- - 1)[0-]) - - Y^dOt] + [O"]). 

i=l i=l 

Thus the divisor K = —J^il'^t] + [Oj^]) is contained in the subgroup generated by 
Ml, M2 and Ei + E2, and so the determinant det(i^. Mi, M2, Ei + E2) vanishes. Using 
(jZj) this leads to the relation 

(8) rn\^ + m'^ = rn^ + m^. 

Since the Makar-Limanov invariant of V is trivial, the fractional part of each of the 
divisors D^ is concentrated in one (possibly the same) point, see 14.21 Thus we may 
assume that rn\^ = 1, and m~ = — 1 for at least one value i = 1,2. In the case m^ = — 1 
equation (jHJ shows that m^ + ?7i^ = 0. By (|7j) this yields m^ = — m^ = 1. Similarly, 
if m^ = — 1 then the right hand side in (jH)) is > whereas the term on the left is < 0. 
This forces m^ = 1 and m]~ = — 1. 

Hence the divisors D± are necessarily integral. Replacing them by an equivalent 
pair of divisors we can achieve that D+ = and D^ = — [pi] — [^2]- After performing 
an automorphism of A^ we can also assume that pi = 1 and p2 = —1 and so the 
DPD-presentation has the required form. Now the isomorphism of V and P^ x P^\A 
follows from Example 5.1 in |FZi| . D 

Proposition 5.3. A smooth C*- surface V = Spec A withFic{V) = %2 andMLiy) = C 
is isomorphic to F'^\Q, where Q is a smooth quadric in P^. Moreover there is a graded 
isomorphism A = Aq[D+,DJ\, where Aq = C[t], D+ = i[0] and D_ = -i[0] - [1]. 
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Proof. With the same arguments as in the proof of Proposition 15. 21 the given C*-action 
is necessarily hyperbohc and V admits a DPD-presentation V = Spec(Ao[-D+, D_]) 
with Aq = C[t]. As V is smooth, by Theorem 4.22 in |FZi| the condition Pic(V") = Z2 
gives that / = 1 and there is only one irreducible multiple fiber of multiplicity 2. Thus 
we may suppose that this multiple fiber lies over and then the fractional parts are 

{D±(0)} = 1/2. 

The fractional parts of D± at all other points must be zero since ML (A) = C (see 
Theorem 4.5 in IFZ2I ). Hence after passing to an equivalent pair of divisors, we may 
suppose that -D+ = |[0] and then D_ = —^[0] — a[p] for some a G N and p e Aj.. After 
performing an automorphism of Aj., if nedeed, we may also suppose that p = 1. As ^ 
is smooth we obtain from Theorem 4.15 in |FZi| that necessarily a = 1. Thus 



A = Ao[D+, L)_] with D+ = -[0] and D^ = — [0] - [1]. 

This proves the second assertion. The first one follows by comparing with Example 5.1 
from IFZ2I . □ 

Remark 5.4. If a torus of dimension k acts effectively on a variety V of dimension n, 
then k < n. Thus the rank of a reductive group G acting effectively on V is bounded 
by n. As every increasing chain of connected reductive groups with bounded rank 
becomes stationary, this shows the following fact: every connected reductive subgroup 
of Ant{V) is contained in a maximal one. 

In the Introduction we posed the question whether any two maximal connected re- 
ductive subgroups of the automorphism group of a normal afiine surface are conjugate. 
We note that this would follow if one could prove that 

(*) any two effective C*-actions on a non-toric surface V with ML(V^) = C are conju- 
gate. 

In fact, if V admits no SL2-action then every maximal connected reductive subgroup 
of Aut(\/) is a torus. In this case the result follows from (*), Theorems 13.31 14.51 and 
Remark liTTl). 

If V admits an action of SL2 then by the Theorem of GizatuUin and Popov mentioned 
in the Introduction V is one of the surfaces P^ x P^\A, P^\Q, or Vd,i {d > 1). 

If V is one of the surfaces P^ x P^\A or P^\Q then the standard actions of PGL2 
on V cannot be extended to a larger connected reductive group, since otherwise there 
would be an action of a 2-torus on V. Thus in these cases the maximal connected 
reductive subgroups of Aut(y) are isomorphic to PGL2 and, moreover, any two such 
subgroups are conjugate in AntiV) by Proposition 4.14 in 1FZ2I . 

Similarly, if V^ = Vd^i then GL2/Zrf is a maximal connected reductive subgroup 
of Aut(V^). Given another maximal connected reductive subgroup G of Aut(V) we 
may suppose by Remark |4. 7^ 1) that its maximal torus is equal to the standard one in 
GL2/Zrf. Now it is easy to see that G and GL2/Z(i are equal (alternatively one can 
apply Lemma 4.17 in IFZ2I ). 

From this remark and Theorems 13.31 14.51 and 15.11 we deduce the following corollary. 

Corollary 5.5. For a normal affine surface V, any two maximal connected reductive 
subgroups of the automorphism group Aut(K) are conjugate in Aut(\^) except possibly 
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in the case where V is non-toric, has a trivial Makar-Limanov invariant and is not 
isomorphic to one of the surfaces P^ x P^\A or F'^\Q. 



The forthcoming paper |FKZj will be devoted to this remaining case. 

Added in proofs. We are grateful to Peter Russell who showed us an example, given 
any fc > 2, of a non-toric smooth affine surface with a trivial Makar-Limanov invariant 
that admits k mutually non-conjugated C*-subgroups in the automorphism group. This 
gives, in general, a negative answer to the question in the Introduction. Such a surface 
appears as the complement in a Hirzebruch surface of a section with selfintersection 
number k + 1. These surfaces were studied in jDGl II]. 

We are also grateful to Jiirgen Hansen who informed us, after appearing of the first 
e-print version of this paper, that in [BeHauj an n-dimensional generalization of our 
Theorem 14.51 had been proven. Namely, it was shown that an effective action of the 
torus T"^^ on an n-dimensional affine toric variety V is conjugate in the automorphism 
group Aut(y) to a subgroup of the standard action of T" on V. 
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